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3.1 The Binomial and Related Distributions

H:. Ormwﬁma 1 ﬁm introduced the uniform distribution and the hypergeometric dis-
tribution. In this chapter we discuss some other important distributions of random

variables frequently used in statistics. We begin with the binomial and related
distributions.

A Bernoulli experiment is a random experiment, the outcome of which can

be classified in but one of two mutually exclusive and exhaustive ways, for instance,
success or failure (e.g., female or male, life or death, nondefective or defective).
A sequence of Bernoulli trials occurs when a Bernoulli experiment is performed
several independent times so that the probability of success, say p, remains the same

trom trial to trial. That is, in such a sequence, we let p denote the probability of
success on each trial.

Let X be a random variable associated with a Bernoulli trial by defining it as
follows:

X (success) =1 and X (failure) = 0.

That is, the two outcomes, success and failure, are denoted by one and zero, respec-
tively. The pmf of X can be written as

p(z) = p® (IS N (3.1.1)
and we say that X has a Bernoully distribution. The expected value of X is

1

p=EX)=> zp*(1-p)" == (0)1-p)+ 1)) =p,
=10,

0 = var(X)
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« that the standard deviation of X 18 0 = \/ff’“ o).
4 neion . Bernoulli trials, we shall let X; denote the

4, sequelce of 1 . . e
B +1, the ith trial. An observed sequence

. ~ecnciated Wi
variable asso | 1 ones. In such a sequence of B
" T nes. In such a sequence of Ber | J
n-tuple of zeros and O ernonlli tpi,
then be an n-tup \Talg,

are often interested in the total nu@ber of successgs and not ixﬁx the Order of theis
o‘céurrence* [f we let the random variable X equal the number of f)l)S(frw:(l mu:::m,«.,:.%
.1 n Bernoulli trials, the possible V&]U?S of X are 0,1,2,. .., n. If x successes oceyy
where z =0,1,2,...,7M, then n — x failures occur. The number of ways of sel

CCling
the z positions for the T sUCCESSES in the n trials 18

n, TL!
9 & -:1:!(72, - :II)! '

Since the trials are independent and the probabilities of success and failure oy
each trial are. respectively, p and 1 — p, the probability of each of these waysg ig
p®(1 — p)"~*. Thus the pmf of X, say p(z), is the sum of the probabilities of these
(:) mutually exclusive events; that 1s.

g (:ﬁ')PI(] — )" Rz, ..., 7
Rt 10 elsewhere.
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Recall, if n 1s a positive integer, thaf

)
o - -
(a+b)" =  § ( )b"a" g
4

r—=1)

Thus it is clear that p(z} > 0 and that

Z])(J‘) = 2: (n)px(l — p)-®

4 P
T=U

= (1=p)+p]™ =1,

Theretore, p{x) satisfies the conditions of being a pmf of a random variable X of
the discrete type. A random variable X that has a pmf of the form of ( 5 ')l
to have a binomial distribution, and any such p(x) is Calle(lil, bi ? in) o
binomial distribution will be denoted by the symbol h( 4 binomial pmf. A

are called the parameters of the binomial distribution %’h TR P

e ] . us, 1 § & 4
b(3, 5 ), we mean that X has the binomial pmf 1 we say that X is

5 1\T /2\9—x
p(gj): { (:’:) (?) (.._";) 3:20113"-)5
0 clsewhere. (3.1.2)
I'he mgf of a binomial distribution is casily obtained ag fol

lows,
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